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lett quadratic correspondence 2
(1.4 ) forward image preimage 2 $2:2- \mathrm{c}\mathrm{o}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{p}_{0}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$
Shaun Bullett “Dynamics of quadratic correspondences” (Nonlinearity 1 (1988)




$z,$ $w$ 1 2
$g(z, w)$ $=$ $(Az^{2}+Bz+C)w^{2}+(Dz^{2}+Ez+F)w+(Gz^{2}+Hz+J)$
$=$ $(z^{2}. z 1)$
$(A, B, C, D, E, p, G, H, J\in \mathrm{C})$
$(z^{2}+az+b)$ $(w^{2}+aw+b)$ $(z+C)$ $(w+c)$ ( $a,$ $b,$ $c$ ) $z$ $w$
o $\uparrow$ $g(z, w)$ \sim $z=z_{1}$ $g(z_{1}, w)=0$
$w$ 2 ( $A=B=C=0$ 1 ) $w.=w_{1},$ $w_{2}$ $z_{1}$







$g(z, w)=0$ quadratic $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\circ \mathrm{n}\mathrm{d}\mathrm{e}\overline{\mathrm{n}}\mathrm{c}\mathrm{e}$ $f$ : $z\mapsto w$
;
$f(z):=\{w\in\hat{\mathrm{C}}|g(z, w)=0\}$
$g(z, w)$ $(z+c)$ $z_{1}=-c$ $w\in\hat{C}$
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$f^{-1}(w):=\{z\in\hat{\mathrm{C}}|g(\dot{z}, w)=0\}$ $f^{-1}$ : $w\mapsto z$ quadratic correspondence ;
$f(z)\ni w\Leftrightarrow g(z, w)=0\Leftrightarrow z\in f^{-1}(w)$
$f(z)$ $z$ $g(z, w)=0$ (forward image) , $f^{-1}(z)$ $z$ $g(z, w)=0$ (preimage,
backward image)




2 ( $\infty$ )
$f(\infty)\ni w_{0}(\Leftrightarrow\infty \mathrm{i}\mathrm{f}\mathrm{f}\in f^{-1}(w_{0}))$ g(l/z’, $w$ ) $=0$ $g’(Z’, w)=$
$0$ $g’(\mathrm{o}, w\mathrm{o})=0$
$f(Z_{0})\ni\infty$ ( $.\Leftrightarrow$iff $z_{0}\in f^{-1}(\infty)$ ) $g(z, 1/w’)=0$
$g’(z, w’)=^{0}$ $g’(Z_{0},0)=0$
12
quadratic correspondence $g_{2}(z, w)=0$ $g_{1}(z, w)=0$ $M\in PSL(2, \mathrm{c})$
$g_{1}(z, w)=0$ $g_{2}(M_{Z}, Mw)=0$ $g_{1}$ $g_{2}$ M\"obius
13 grand orbits
$S\subset\hat{\mathrm{C}}$ $f(S):=\{w\in\hat{\mathrm{C}}|\exists z\in s\mathrm{s}.\mathrm{t}. g(z, w)=0\}$ quadratic correspondence $f$
$z$ grand orbit GO$(z;f)$ ;
GO
$(z;f):= \bigcup_{n\geq 0}o_{n}$
; $o_{0}:=\{z\},$ $O_{n+1}:=f(O_{n})\cup f^{-}1(o_{n})_{\circ}$
1.4
(i) $\hat{\mathrm{C}}arrow\hat{\mathrm{C}}$ quadratic correspondence
$g(z, w)=cZw+dw-az-b$
$f$
$\hat{\mathrm{C}}$ $\hat{\mathrm{C}}$ f&2 M\"obius $f$ : $z rightarrow\frac{az+b}{cz+d}=w$
$czw+dw-aZ-b=0$ $(g(z, w)=(czw+dw-az-b)^{2}$ )
(ii) 2 $zarrow\succ z^{2}+c$ $g(z, w)=w-(z^{2}+c)$
(iii) (ii) $g(z, w)=Z-(w^{2}+c)$
(iv) $g(z, w)=(w-(z+1))(w(z+1)+1)$ grand orbit GO$(z, f)$ $z$ $PSL(2, \mathrm{Z})$ orbit
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1.5 2:.2-correspondences
quadratic correspondence $g(z, w)$ $z$ $w$ 2 2:2-correspondence
3 2:2-correspondence
$g(z, w)=(Az^{2}+Bz+C)w^{2}+(Dz^{2}+Ez+F)w+(Gz^{2}+Hz+J)=0$
. $w_{1}=w_{2}$ ( ) $z$
$(Dz^{2}+Ez+F)^{2}-4(A_{Z^{2}}+Bz+C)(Gz^{2}+Hz+J)=0$ (1)
(1) $z$ $f$ singular point $\{z\in\hat{\mathrm{C}}|\# f(Z)=1\}$




$(z, w)$ $g(z, w)=0$ quadratic correspondence $f$




$\check{.}$ F( S( 3
(i) (1) 4 $\Gamma(\dot{f})$
(ii) (1) 1 2 2 $\Gamma(f)$ 1 1
3 1 $\Gamma(f)$ 1
(iii) (1) 2 2 $\Gamma(f)$ 2 2 1 4
$\Gamma(f)$ 1 2
$\pi_{1}$ : $\Gamma(f)arrow\hat{\mathrm{C}},$ $\pi_{2}$ : $\Gamma(f)arrow\hat{\mathrm{C}}$ $\pi_{1}(z, w)=w,$ $\pi_{2}(z, w)=Z$ ( $E\text{ _{}r\dot{\alpha}}- R$ \tau S.Bullett
$\pi_{1}$ 1 $\pi_{2}$ 2 $\text{ }$ ) $I_{1},$ $I_{2}$ $\pi_{1},$ $\pi_{2}$
covering involution $f^{-1}(w)=\{z_{1}.\cdot’ z_{2}\})f(z)=\{w_{1}\cdot, w_{2}\}$
$I_{1}$ $I_{2}$
$(z_{1}, w)-(z_{2}, w)$ $(z, w_{1})-(z, w_{2})$
.








2 Maps of Pairs
2.1
2:2-correspondence $f$ : $\hat{\mathrm{C}}\ni zrightarrow w\in\hat{\mathrm{C}}$ map of pairs $z_{1}\in\hat{\mathrm{C}}$
$f(z_{1})=\{w_{1}, w_{2}\},$ $f^{-1}(w_{1})=\{z_{1}, z_{2}\},$ $f^{-1}(w_{2})=\{z_{1)}Z3\}$ $z_{3}=z_{2}$






3: map of pairs
4 $f$ 2:2-co.rrespondence $f$ : $z\mapsto w$ map of pairs $f^{-1}$ : $w\mapsto z$
map of pairs
( ) $(\Rightarrow)$ $w_{1}\in\hat{\mathrm{C}}$ $f^{-1}(w_{1})=\{z_{1}, z_{2}\},$ $f(z_{1})=\{w_{1}, w_{2}\},$ $f^{-1}(w_{2})=\{z_{1},$ $z_{\mathrm{a}\}}$
$\text{ }.f$ map of pairs $\text{ _{}2}=z_{3}.\text{ _{ } }$ $f(z_{2})=\{w_{1}, w_{3}\}$ $w_{3}=w_{2}$





2:2-correspondence $f$ : $z-*w$ : (1) $\sim(4)$
(1) $f$ map of pairs
(2) $|BCA$ $DFE$ $HGJ$ $=0$
(3) 2 $p,$ $q$ $g(z, w)=0$ $p(z)=q(w.)$
(4) $\Gamma(f)$ covering involution $I_{1},$ $I_{2}$ $I1I2=I2$Il
.
( ) $((1)\Rightarrow(2))$ map of pairs $f$ : $\{z_{1}, z_{2}\}\vdasharrow\{w_{1}, w_{2}\}$ $\Psi$ : $w_{1}.\mapsto w_{2}$
.
involution $\Psi$ $(\mathrm{i}),(\mathrm{i}\mathrm{i})$
(i) $\Psi(w)=\frac{(a+b)w-2ab}{2w-(a+b)}$ ( $\infty\not\in Fix(\Psi)=\{a,$ $b\}$ )
(ii) $\Psi(w)=2c-w$ (Fix$(\Psi)=\{\infty,$ $c\}$ )
(i) $w_{2}= \frac{(a+b)w_{1}-2ab}{2w_{1}-(a+b)}$ $\text{ }$ $w_{1}w_{2}= \frac{a+b}{2}(w_{1}+w_{2})-ab$ (*)





$z_{1}\in \mathrm{C}\backslash \{z\in \mathrm{C}|(Az^{2}+B_{\text{ }}+^{c})=^{\mathrm{o}}\}$ $(GHJ),$ $(DEF),$ $(ABC\rangle$
$\mathrm{C}$ 1 (ii) (i)
$((2)\Rightarrow(3))$ (2) $\alpha,$ $\beta,$ $\gamma\in \mathrm{C}\backslash \{0\}$
$\alpha(ABc)+\beta(DEF)+\gamma(GHJ)=(000)$
$\gamma\neq 0$
$(GHJ)=-( \frac{\alpha}{\gamma}(ABC)+\frac{\beta}{\gamma}(DEF))$ . $z\in \mathrm{C}$
$(G_{Z^{2}}+Hz+J)=-( \frac{\alpha}{\gamma}(Az^{2}+BZ+c)+\frac{\beta}{\gamma}(D\text{ }+EZ+F))20$
$g(z, w)=0$ $(Az^{2}+Bz+C)+(Dz^{2}+E \text{ }+F)(w-\frac{\beta}{\gamma})=0_{0}$
$- \frac{w^{2}-\alpha/\gamma}{w-\beta/\gamma}=\frac{Dz^{2}+Ez+F}{Az^{2}+B_{Z}+c}$
$\gamma=0,$ $\beta\neq 0$
$\gamma=0,$ $\beta=0$ $(ABC)=(000)$ $f$ : $z\vdash+w$ 1 $f$ S $2:2$-correspondence
.
$((3)\Rightarrow(4))p,$ $q$ & 2
$\hat{\mathrm{C}}arrow\hat{\mathrm{C}}$ double covering covering
involution $\Phi,$ $\Psi$ $p(z)=q(w)$ $(z, w)\in\Gamma(f)$
. .
. $I_{1}(z, w)=(\Phi.(Z), w)$ , $I_{2}(z, w)=(z, \Psi(w))$
Il $I_{2}(z, w)=I1(z, \Psi(w))=(\Phi(\text{ }), \Psi(w))=I\mathit{2}(\Phi(\text{ }), w)=I_{2}I_{1}(Z, w)$




$f(z_{1})=\{w_{1}, w_{2}\},$ $f^{-1}(\{w_{1}, w2\})=\{\text{ _{}1}, Z_{2,3}z\},$ $f(z_{3})=$
$\{w_{1}, w_{3}\}$ $(z_{1}, w_{1})\in\Gamma(f)$
$I_{1}I_{\mathit{2}}=I_{2}I_{1}$
$I_{1}I_{2}(z_{1}, w_{1})=I_{1}(Z_{1}, w_{2})=(Z2, w2)$.
. $||$ $\backslash \cdot$
$I_{\mathit{2}}I_{1}(_{Z}1, w1^{\cdot})=I2(_{Z}3, w_{1})=(Z3, w3)$ . .
$z_{2}=z_{3},$ $w_{\mathit{2}}=w_{3}$ $f$ map of pairs
$\mathrm{I}$
151
3 Maps of Triples
3.1




4: map of triples
map of triples $f$ $z_{1}\in\hat{\mathrm{C}}$ $f(z_{1})=\{w_{2}, w_{3}\}$ , $f^{-1}(w_{2})=\{Z_{1}, z_{3}\}$ , $f^{-1}(w_{3})=$
$\{z_{1}, z_{2}\},$ $f(z_{2})=\{w_{3}, w_{1}\},$ $f(z_{3})=\{w_{2}, w_{4}\}$ $w_{1}=w_{4}$
$\dot{2}:2$-correspondence
$f$ 2:2-correspondence $I_{1},$ $I_{2}$ 16 $f$ map of
triples $I_{1}.I_{2}I_{1}=I_{2}I_{1}I_{2}$
( map of triples )
5 $\langle$Il, $I_{2}\rangle$ $\cong D_{6}$ ( $D_{6}$ dihedral group ( 2 ))
i) $C$ 3 $M\in \mathrm{M}\ddot{\mathrm{o}}\mathrm{b}(\mathrm{C})$
$f(z):=$ { $w\in\hat{\mathrm{C}}$ $|C(M_{Z})=C(w)$ ;w\neq M }
$f^{-1}(w):=\{z\in\hat{\mathrm{c}}\{C(MZ)=c(w);z\neq M^{-}1w\}$
$f$ map of triples
ii) map of triples $f$ : $zrightarrow w$ 3 $C$ $M\in \mathrm{M}\ddot{\mathrm{o}}\mathrm{b}(\mathrm{C})$
$\Gamma(f)\ni(z, w)\Rightarrow C$( $M$ )=C(w)
$C$ – unique
( ) i) $C(w)-^{c}(Mz)=^{\mathrm{o}}$ (w–Mz) $f$ 2:2-correspondence
$z_{1}\in\hat{\mathrm{C}}$ $C(M_{Z_{1}})=\zeta$
$(CM)^{-1}(\zeta):=$ { , 2, $z_{3}$ }, $C^{-1}(\zeta):=\{w_{1}, w2, W3\}$







$f(\text{ _{}2})=\{Mz_{3}, MZ1\}$ $z_{2}’\sim Mz_{1}$
$z_{3}arrow$
$f(z_{3})=$ { $M$ 1, $Mz_{2}$ } $\text{ }$ $\sim Mz_{2}$
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$f$ map of triples
ii) .
$f$ : $zrightarrow w$ 2:2-correspondence $g(z, w)=0$ map of triples $z_{1}\in\hat{\mathrm{C}}$
map of triples $f$ $f^{-1}$ orbit 3




5: $f(_{Z_{1}),f^{-1}f(}z_{1}),$ $ff^{-1}f(Z_{1}\rangle,$ $\ldots$
$M$
$M(\text{ })=\{$
$f(z)$ ( $z$ singular point )
$ff^{-1}f(z)\backslash f(\ovalbox{\tt\small REJECT})$ ( $z$ singular point )
$M(z_{1})=w_{1}$ $M$
$\hat{\mathrm{C}}$ $\hat{\mathrm{C}}$ 1 1
$M$ M\"obius $w_{i}(i=1,2,3)$ $w_{i}=M\text{ _{}i}$








$h$ map of triples $\sim$ ( $w_{1}\sim w_{2}$









$\hat{\mathrm{C}}$ $\hat{\mathrm{C}}$ 3 holomorphic covering map
$C$ 3 .
3 $\{w_{1}, w_{2}, w_{3}\}$ $h$ $(z, w)\in\Gamma(h)$
$C(\text{ })=C(w)$
$(Mz, w)\in\Gamma(h)$ $C(Mz)=C(w)$ $(Mz_{2}w)\in\Gamma(h)$ $(z, w)\in\Gamma(f)$
\tau $(z, w)\in\Gamma(f)$ CM$(z)=C(w)$
153
$.M$ unique $C$ M\"obius –
unique $w_{1}\sim w_{2}$ $w_{1},$ $w_{\mathit{2}}\in\hat{\mathrm{C}}$
$C_{1}(w_{i})=C_{2}(w_{i})(i=1,2)$ $C_{1},$ $C_{2}$ $\mu:=C_{21}C^{-1}$ 1
$\mu^{-1}=C_{1}C_{2}^{-1}$ $\mu$ 1 $\mu$ M\"obius
$\zeta_{1}:=C_{1}(w),$ $\zeta_{2}:=c_{2}(w)$ $\zeta_{1}\mapsto’\zeta_{2}$ $\mu$ $C_{2}:=\mu C_{1}$
I
7
7: map of triples
, $C\circ M(z)=c(w)$ map of triples
32 reversible maps of triples
map of triples $C\mathrm{o}M(z)=c(w)$ $M$ involution $M=:J$ reversible map
of triples
6 $C\circ M(z)=C(w)$ map of triples $f$ : $z-w$ reversible
$f$ : $z\vdasharrow w\mathrm{f}\Leftrightarrow^{\mathrm{f}}f\mathrm{i}$ : $Mw\mapsto Mz$ .
( ) $C\circ J(J(w))=^{c}(w)=c(J(z))$ .
7 $\Gamma(f)$ $f$ $(z, w)\in\Gamma(f)$ $\pi_{1}(\text{ }, w)=w,$ $\pi_{2}(z, w)=z$ $I_{1},$ $I_{2}$
$\pi_{1}$ , $\pi_{2}$ covering involutions
$f$ reversible map of triples $\Leftrightarrow$ Il$I2I_{1}(z, w)=\mathrm{i}\mathrm{f}\mathrm{f}I2$ Il $I_{2(z},$ $w$) $=(Jw, Jz)$
8 (“$\mathrm{r}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$” )
$f:$. $z\mapsto w$ $C(J(z))=C(w)$ reversible map of triples $o_{+}(z;f)$ $:=$
$\bigcup_{n>0}f^{n}(.z),$ $O_{-}(z;f):=n \bigcup_{<0}f^{n}(.z)$
. $J(O_{+}(z;f))=^{o}-(Jz;f)$
$f$ reversible map of triples $f$ : $z\vdasharrow w\Leftrightarrow \mathrm{i}\mathrm{f}\mathrm{f}f$ : Jw\mapsto Jz
$w\in f(z)\Leftrightarrow J\mathrm{i}\mathrm{f}\mathrm{f}w\in f^{-1}(J_{Z})$ $f(z)=J-1f-1J(z)$ $n\in \mathrm{N}$ $\ddot{\text{ }}$
$f^{n}(z)=J^{-1}f^{-n_{J}}(Z)$ $J(O_{+}(\text{ };f))=^{o}-(Jz;f)$
.
$f$ : $z\mapsto w$ $C$( $.J$ ) $=C(w)$ reversible map of tripes $o_{\pm}(Z^{\cdot}, f)$ $:=$
$O_{+}(z;f)\cup\{z\}\cup o_{-}(z;f)$ ( $\mathrm{u}\mathrm{n}\mathrm{i}$-directional orbit)
GO$(z;f)=O\pm(Z;f)\cup o_{\pm}(Jz;f)$
( ) GO$(z;f),$ $O_{+}(z;f),$ $O_{-}(z;f),$ $o_{\pm}(z;f)$ GO$(z),$ $O_{+}(z),$ $O_{-}(\text{ }),$ $O_{\pm}(\text{ })$
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(D) $o_{\pm}(z)\subset GO(z)$ $J(z)\in f\circ f^{-}1f\mathrm{o}(Z)\subset GO(z)$ . $o_{\pm}(j_{\text{ })}\subset GO(z)$ .
$co(z;f)\supset \mathit{0}_{\pm(z};f)\cup O\pm(Jz;f)$ .
$(\subset)$
$\zeta\in o_{\pm}(z)\cup o_{\pm}(JZ)\Rightarrow f(\zeta)\cup f^{-1}(\zeta)\subset\dot{O}_{\pm}(z)\cup o_{\pm(J_{Z})}(**)$
GO$(.z)\subset o_{\pm}(z.)\cup o_{\pm}(J_{Z)}$ $(**)$ $\zeta=z$ $\zeta\in O_{+}(z)$
($\zeta\in O_{-}(z),$ $\zeta\in o_{\pm}$ ( $J_{Z)}$ . ) . . .
$\zeta\in O_{+}(\text{ })$ $f(\zeta)\subset O_{+}(z)$ $f^{-1}(\zeta)=\{\xi, \eta\}$
– $O_{+}(z)\cup\{z\}$ $\xi$ $\eta$
$O\pm(z)\cup o_{\pm}(J\chi)$
$f(\xi)=\{\zeta, J\eta\}$ $\xi\in O_{+}(z)\cup\{z\}$
$J\eta\in O_{+}(z)\text{ }$ $\dot{J}(O_{+}(Z))=O_{-(Z}J)$ ( 8 )
$\eta=J\circ J(\eta)\in J(o_{+}(z))=O-(J_{Z)}$




$\mathrm{z}(.\text{ ^{}-\overline{\mathrm{t}}^{- 1)}}=\frac{\mathrm{w}^{\sim}\backslash }{\mathrm{w}+\{}$
1– $\mathrm{z}\mapsto’ \mathrm{w}$
( $\mathrm{W}$ $\text{ }\mathrm{r}\mathrm{d}$ )







$V\gamma^{\wedge}\iota-\mathrm{d}_{1V}^{\backslash }\mathrm{e}$ Cti $0$ $al$
$\mathrm{O}-\mathrm{b}\wedge \mathrm{t}\mathrm{t}\mathrm{S}$
$-\perp.\supset$ $-\perp$ $-\cup.\supset$ $\cup$ $\mathrm{U}.\lrcorner-$ $\perp$ $\perp$ . $\lrcorner$
$z^{\mathrm{a}}-\sim$
$\mathrm{W}(^{\mathrm{t}-\text{ _{}\mathrm{t}}}\downarrow-\{|\mathrm{W}’/--^{-)}[-\mathrm{W}/|\mathrm{t}1^{-}(|_{\backslash }|^{\iota}6\mathrm{c}52)$
$1=$ -=-6 $\mathrm{w}\vdasharrow \mathrm{Z}$ g)
$\gamma 1^{\cdot}|\wedge \mathrm{d}_{\mathrm{t}}^{\sim}\Gamma \mathrm{e}\mathrm{c}-\{_{\mathrm{t}\mathrm{o}V\backslash }-\mathcal{A}$ or $\mathrm{b}_{\iota}^{\backslash }\prime \mathrm{t}\mathrm{s}$
$.’.-z-. \perp.\supset-.\perp-..\bigcup_{:}..\supset.\cdot$
$\cup$. $\cup.\supset$ $\perp$ $\perp$ .
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